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In this paper, we show theoretically that a cholesteric liquid crystal exhibits a retro- 
self-focusing effect and a pinholing effect under the Gaussian intensity distribution of 
an incident optical field. The retro-self-focusing effect is a result of pitch dilation due 
to intense optical radiation. We confirm thcse theoretical predictions by experiment. 

INTRODUCTION 

The cholesteric class of liquid crystals (CLC) has several properties 
which are important for laser applications. These properties are high 
optical rotatory power and circular dichroism. As is well known, the 
CLC structure has an anomalously high optical activity by which the 
rotation of the plane of polarization of optical radiation may reach 
several thousands of degrees per millimeter. It also exhibits a form 
of the circular dichroism in which one circularly polarized component 
is reflected and the other transmitted. The reflected light is circularly 
polarized with the same sense of handedness as the incident light. 
Applications'J using these properties include polarizers, bandpass 
and notch filters, mirrors, apodizers and optical isolators to prevent 
back reflections in laser systems. These are all based on the linear 
propagation of light through the medium. But in intense optical fields, 
nonlinear effects can occur. For such conditions, H. G .  Winfu13 solved 
the coupled Euler-Lagrange and Maxwell equations to show bista- 
bility in the CLC class due to a light-induced pitch change of the 
cholesteric helix. 
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6123 J .  C. LEE. S. D. JACOBS AND A. SCHMID 

In this paper we will show theoretically that the CLC structure also 
has a retro-self-focusing effect under exposure to a plane wave with 
a Gaussian intensity distribution. Specifically, the reflected field comes 
to a focus due to intensity dependent phase modulation. We will also 
derive equations to describe a pinholing effect. Experimental results 
will bc offered in support of the theoretical predictions. 

THEORY 

For convenience, we will rewrite and rederive some of Winful's equa- 
tions. Let us consider a right-handed CLC cell as shown in Fig. l 
whose helix axis is oriented along the z-axis. The helical structure of 
the CLC can be described by the director fi(z) which represents the 
average orientation of the elongated liquid-crystal molecules. As shown 
in Figure 1, the pitch is the distance required for the director to rotate 
by 360". Its Cartesian components are: 

n,  = cosO(z), T I , ,  = sine(z), n, = 0 (1) 

In the absence of external fields, the angle 0 ( z )  is given by 0 = qoz, 
where qo i s  the unperturbed wave number of the helix whose pitch 
is p o  = 2-m/q,,. 

When right circularly polarized light propagates along the z-axis, 
the total electric field E in the medium can be described by circularly 
polarized components as follows: 

E = Re{E+(z)(,< - i j ) / s  + E - ( z ) ( 2  + z j ) /G}e - iw '  (2) 

where E ,  = ( E x  r E v ) / s .  The first term in Eq. (2) represents a 
forward-propagating wave and the second term represents a counter- 
propagating wave which has the same sense of polarization as the 
forward-propagating wave. The free energy density F per unit volume 
of material under the influence of the electric field E is taken in the 
form4 

1 1 
2 2 

F = - k , , (V  . i)z + - kZ2(iZ * V X ti + 4")' 

1 
2 

+ - k J 3 ( i  x V x i)* - E . D / ~ T  (3) 
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RETRO-SELF-FOCUSING AND PINHOLING EFFECT 619 
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FIGURE 1 Schematic diagram of a cholesteric liquid crystal 

where k, , ,  k22, k,, are the Frank elastic constants in units of dynes, 
D = E,E + E$(k . E), E, = E,, - E, and where E, is the optical 
dielectric anisotropy and Ell and E, represent the dielectric constants 
parallel and perpendicular to the local director. In the case of a CLC 
which has a planar structure with the component of the director as 
described in Eq. (l), the first and third terms in Eq. ( 3 )  disappear 
and only the second term remains. The new configuration of the 
director due to the electric field E can be found by minimizing the 
free energy density F. This leads to the Euler Lagrange equation: 

- = -  '*' E u  [Re(E, E?)  sin20 - Im(E+E?) cod'] (4) 
dz2 8n-k,, 
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620 J .  C. LEE, S. D. JACOBS AND A.  SCHMID 

where O(z) is the perturbed director angle. Maxwell's equation in the 
medium can be rewritten as 

where kz = (w/c)~(€,, + €,)/2 and k: = (o/c)*€,/2. As a trial so- 
lution, the forward-propagating wave and counter-propagating wave 
in the medium can be represented as 

By substituting Eq. (6) into Eq. ( 5 ) ,  Maxwell's equation can be re- 
written as a coupled amplitude equation in a slowly varying envelope 
approximation. 

where .IIr = + +  - +- + 2q,z - 20, K = k:l2q,, and Ak = ( k i  - 
43/24". At this point, boundary conditions are introduced for a CLC 
with strong surface anchoring at z = 0 and no surface anchoring at 
z = L (where L is the total CLC fluid thickness): 

IE+(L)I = I E ~ ) ,  the transmitted field at z = L (10) 

Ie-(L)I = 0, no reflection at z = L (11) 

e(0) = 0, strong anchoring at z = 0 (13) 

Substituting Eq. (6) into (4),  yields the dependence of the director 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
19

 1
9 

Fe
br

ua
ry

 2
01

3 



RETRO-SELF-FOCUSING AND PINHOLING EFFECT 62 1 

angle on the forward-propagating intensity. 

Integration of Eq. (14) with boundary condition 

(14) 

Eq. (12), gives 

- 142> (15) 

The last expression shows that q ( z )  5 qo. Therefore the pitch will 
increase or dilate in proportion to the optical field intensity (1~+(z)1') 
along the z-axis by p = 2 d q .  The maximum dilation occurs around 
z = 0. From Eq. (2). (4), ( S ) ,  and ( l S ) ,  we find 

-(JE+E-JCOS~) d = - -__ ld'"''[Ak + A ( l ~ + 1 2  E - I E . ~ ~ ) ]  (16) d z  K d z  l 6 n k z 2 ~  

Let u(z )  = Y(E+(z ) (~ ,  J = y ( ~ . ( ~  and v(z )  = yIc(z)J', where 
y = E,/327k22K2. 

Rewriting Eq. ( 1 6 ) ,  we have 

d 
d z  
- ~ c o s w =  - 

Integrating Eq. (17) with respect to z gives 

f i cos . \ I I .  = - ( A ~ / K  - 2J)u - u2 + C 

Where C is a constant of integration. From the boundary condition, 
Eq. (10) and Eq. ( l l ) ,  u ( L )  = J and v ( L )  = 0 respectively, and the 
solution for Eq. (17) takes the form 

&COSY = -(it - / ) ( A ~ / K  + (u  - J ) ]  (18) 

Since d(e+l/dz < 0 in Eq. (7 ) ,  sinY < 0. 
Therefore Eq. (1 8) becomes 

f i s h y  = - [ (u  - J){u - (u - J)[Ak/K + ( u  - J)]2}]"'  (19) 

sinT = - [l - (1 - J / u ) { h k / ~  + (u  - J)}2]1'2 (20) 
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622 J .  C. LEE, S. D. JACOBS AND A .  SCHMID 

If we now multiply Eq. (7) by 1c.1 and rearrange it ,  we have 

d - I E + ~ ’  = 2 ~ I c + ~ - ( s i n 9  
d z  

Substituting Eq. (19) into Eq. (21), one finds 

where Q(u) = ( u  - J ) { u  - ( u  - J ) ( A ~ / K  + u - J ) ‘ }  

may be solved in terms of a Jacobian elliptic function 
When the roots of Q(u) are real and u I  > u2 > u3 > u4? Eq. (22) 

where Sn is a Jacobian elliptic function with g = 2/[(u, - uj) 
(u2 - u , ) ] ” ~  and k = [ (u l  - u2)(u3 - u4)I1’’g/2. When the two roots 
of Q(u) are real and u1 2 u 2 u2 and the two roots u3 and u4 are 
complex, the solution of Eq. (22) becomes 

(24) 
BuI + Au‘ + (Au2 - BU1)cn[2K(Z - L ) / g , k ]  

A + B + ( A  - B)Cn[2K(Z - L)/g ,k]  
u ( z )  = 

where A’ = ( u l  - b,)’ + hz, B’ = (u2 - b,)’ + b:, b, = Re[u,] 
and h2 = Imag[u,], and Cn is a Jacobian elliptic function with 
g = l/m and b2 = { (u ,  - u J 2  - ( A  - B)*} /4AB.  

A plot of the normalized intensity u ( z )  for the forward-propagating 
wave and v(z) for the counter-propagating wave in the CLC medium 
is shown in Figure 2. The incident field intensity U ( Z )  decays almost 
exponentially along the z-axis. This decay, however, is due to energy 
transfer to the counter-propagating field, and not due to absorption. 
The relationship between incident field intensity 1 at z = 0 and 
transmitted field intensity J at z = L for KL = 2 with Ak/K = 0, 
20.1 is shown in Figure 3 .  As H. G. Winful has already shown, 
optical bistability is predicted. Higher ( A k l ~  < 0) and lower ( b k k  > 
0) intensities are required for a discontinuous jump in comparison to 
the case where Ak/K = 0. Physically, bk/K = 0 means that the pitch 
of a CLC is exactly Bragg-matched to the wavelength of an incident 
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RETRO-SELF-FOCUSING AND PINHOLING EFFECT 623 

Z / L  

FIGURE 2 Normalized forward propagating field intensity u ( z )  and counter prop- 
agating field intensity v ( z )  through the medium. for KL = 2.0. 

field by the Bragg (selective) reflection condition A" = nnv * p ( ,  where 
A,, is the wavelength of selective reflection, nUv average refractive 
index for liquid crystal and p o  is the pitch of CLC structure. 

Now let us calculate the phase + - ( z )  of the reflected wave at 
z = 0. At z = 0, = + + ( O )  - +-((I) .  From Eq. (18), 

+ - ( O )  = + + ( O )  - COS-'[ - V ' T T i D { A k / K  + ( I  - J ) } ]  (25) 

where I = u(0).  Equation (25) shows explicitly the intensity de- 
pendence of the phase shift. Figure 4 shows the phase of the reflected 
wave as a function of normalized input intensity and the detuning 
parameter AklK when ++(O) = 0. When A k k  = 0, the intense field 
destroys the Bragg condition A, = n,, . po and the phase linearly 
decreases from 90" as the input field intensity increases. Note the 90" 
phase difference between the incident and reflected fields near zero 
intensity. This comes from the mathematical representation of the 
reflected field in Eq. (2). There we used E .  ( z ) ( i  + i j ) / f l  to describe 
the reflected field which is right circularly polarized. When AklK < 0, 
the pitch dilates as the input intensity increases, and at a certain 
intensity the incident field satisfies the Bragg condition. In Figure 4, 
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624 J .  C. LEE, S. D. JACOBS AND A. SCHMID 

D 
Q, 
c 4- .- 
C L 
v) 
C 
(D 

2.0 

1.6 

1.2 

0.8 

0.4 

0.0 
0.0 0.3 0.6 0.9 1.2 1.5 1.8 2.1 

Normalized Incident  Intensi ty  ( I )  
FIGURE 3 Transmitted intensity vs incident intensity for KL = 2.0 for various values 
of the detuning parameter A k l ~  = 0. 20.1). Intensities are normalized by 32.rrk, ,~~/  
€ 0 .  

when AklK = -0.1, the phase of the reflected field increases with 
intensity from -83" to 90" where the Bragg condition is met. The 
phase then decreases fur higher intensity levels. When Akh > 0, the 
pitch of the CLC is already out of the Bragg condition. Its initial 
phase is less than 90" and it decreases with increasing intensity. The 
physical origin of this intensity dependence of the phase of a reflected 
field is as follows: higher field intensities cause a larger pitch dilation 
(E, > 0). As a result, the Bragg reflection condition is perturbed and 
the optical field penetrates more deeply into the CLC before being 
reflected. 

A very interesting condition results from considering a plane wave 
with intensity distribution 1&, y )  = IE(x, y)lz incident on the CLC. 
Consider the case where E ( x ,  y )  is a Gaussian distribution of the 
intensity in Eq. (26). 

where w is the spot size of the beam. Rewriting this as a normalized 
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RETRO-SELF-FOCUSING AND PINHOLING EFFECT 625 

a, 
5 
c 
0 

0.0 0.5 1 .o 1.5 

Normalized Incident Intensity (I) 
FIGURE 4 Incident field intensity vs the phase of the reflected field when the phase 
of the incident field ++ (0) = 0. (For KL = 2.0 and for various values of the detunig 
parameter A k k  = 0, 20.1). 

intensity with y and introducing a radial-dependence, one finds 

By substituting Eq. (27) into Eq. (25) ,  one derives the transverse 
phase shift of the reflected wave due to a Gaussian intensity distri- 
bution. In the first approximation, it is assumed that the first and 
third terms in Eq. ( 3 )  are still negligible. For I >> J ,  i.e., €or the 
lower-branch condition in the bistability curve of Figure 3, Eq. (25) 
reduces to 

= - { hkk + y(E,(2exp [ - - ;:I} (28) 
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626 .I. C. LEE. S. D. JACOBS AND A. SCHMID 

One can now readily derive the phase distribution of the reflected 
field, 

r 1 I 
1 

Nd:YAG 

Under the Bragg condition Ak/K = 0, Eq. (29) becomes 

_I 

I - - * laser beam 

position position 

The first term of Eq. (30) corresponds to the constant phase change. 
The second term corresponds to the quadratic phase change, and the 
third term corresponds to a spherical aberration (y4  dependence). 
Note that +-(O) is almost constant when Irl > w/*. Therefore, any 
retro-self-focusing effect can only occur within Irl 5 w/*. This can 
be interpreted as a form of pinholing or apodizing effect where the 
aperture possesses a soft edge. By analogy with the quadratic phase 
term of a Gaussian beam, we can calculate the intensity dependent 
radius of curvature of the reflected field as 

Equation (31) indicates a retro-self-focusing effect because the radius 
of curvature is negative and inversely proportional to the intensity as 
we expect. 

EXPERIMENT 

Retro-self-focusing and the pinholing effects have been observed in 
an experiment using a CLC-dielectric resonator as shown in Figure 
5 .  This CLC-dielectric resonator consists of flat dielectric HR end 
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RETRO-SELF-FOCUSING AND PINHOLING EFFECT 627 

mirror, a Nd:YAG laser rod, a hi4 plate, and a CLC end mirror. 
Flat-flat substrates are used to make a CLC end mirror with a planar 
texture. We used a commercial Nd:YAG laser with the output coupler 
replaced by the CLC mirror. Light between the hi4 plate and the 
dielectric mirror is linearly polarized, whereas the light between the 
h/4 plate and the CLC mirror is circularly polarized. The output beam 
coupling comes from the Fresnel reflections off the uncoated wave- 
plate surfaces. The reflected light from the CLC mirror does not 
experience a 180" phase shift as is the case for reflection from a 
conventional mirror. The light reflected from the h/4 plate, however, 
does experience a 180" phase shift and is coupled out of the cavity 
through the CLC mirror without experiencing selective reflection. 
Without a h/4 plate, lasing does not occur in this configuration, be- 
cause the conventional reflection from the dielectric HR mirror per- 
mits 100% transmission through the CLC mirror after every bounce. 

The CLC-dielectric resonator was compared with dielectric flat- 
flat and dielectric flat-concave resonator configurations. The flat-flat 
configuration was very sensitive to the alignment of the mirrors (- k 0.8 
arcsec). In contrast, the CLC-dielectric resonator was quite tolerant 
to misalignment (- ? 1.8 arcsec). The CLC mirror acts as a concave 
mirror with an angular sensitivity which is the same as that of the 
dielectric flat-concave (5M radius curvature) resonator. The diameter 
of the output beam for the CLC-dielectric resonator was measured 
at two different position A and B as indicated in Figure 5.  The beam 
diameter at the position A as observed by a 2-dimensional CID camera5 
was 10% greater than the beam size at the position B. This means 
that although the CLC end mirror (planar texture) was made from 
flat-flat substrates, it acts as a concave mirror. This is strong evidence 
for the CLC retro-self-focusing effect. In addition, the output beam 
exhibited an excellent Gaussian-mode as a result of the pinholing 
effect from the CLC mirror. The mode from the dielectric flat-tlat 
resonator was TEM,,, unless a hard edged pinhole was inserted. The 
output of CLC-dielectric cavity is shown in Figure 6. Figure 6 is 
slightly exaggerated at the center to make the solid lines and the 
dotted lines distinguishable. Further details of the experiment will be 
described elsewhere. 

CONCLUSION 

We have shown theoretically that in  the presence of intense optical 
radiation with a Gaussian beam profile, the CLC structure has a retro- 
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628 J. C. LEE, S. D. JACOBS AND A. SCHMID 
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40 

30 

20 
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0 
0 3 6 9 

X Position (rnrn) 
FIGURE 6 Output beam intensity distribution at position A (solid lines: Real output 
beam intensity, dotted lines: Ideal Gaussian heam intensity distribution). The numbers 
in the ordinate represent digital counts. 

self-focusing effect and a pinholing effect. The ease of alignment for 
a CLC-dielectric resonator and the angular insensitivity of a CLC 
mirror which we observe experimentally result from the retro-self- 
focusing effect of the CLC mirror. The TEM,,, mode structure which 
occurs without any physical hard aperture internal to the CLC-di- 
electric resonator results from the pinholing effect which occurs over 
the central region ( r  5 w i d . )  of the Gaussian beam. Retro-self- 
focusing effects are a result of pitch dilation due to the nonlinear 
coupling of the intense optical field with the CLC helix structure. We 
are presently conducting a more detailed investigation of CLC mirrors 
in different resonator configurations. 
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